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Why this Book?

In order to understand Physics of the present age one needs to master Calculus. To
introduce Calculus, one may say that it is just like another mathematical tool such as Vector,
Matrix, Sets, Tensors etc. which help us to carry out calculations and other tedious
derivations associated with science much more easily. Therefore, such tools have received so
much acceptance that almost every book relating to science, especially physics, has Calculus
used in it indiscriminately. Therefore, any thinker, who is starting to be amused by the
Physical laws governing the universe, must read Calculus beforehand; even if he is a high
school student. If he does not do so, (in other words, if the school courses do not include
calculus early) then he will be deprived of the total picture of physics and will be forced to
obey the laws and theorems blindly, rather than examine it.

Such handicap in our country has been destroying the enthusiasm of the young learners
towards science as well as their confidence to think something new, something theoretically
innovative. Though, many persistent students opt to learn calculus by themselves by getting
a textbook of Calculus, but soon they give up because of a new problem. The problem is
illustrated as follows—

0 » . dx . .
In describing velocities, physics says— “ v = T ». Furthermore, it says if “x =1, then,
t

d
dt
he gets to his Calculus textbook but discovers that the proof of this is established on another
theorem called The Binomial theorem. This is not a part of Calculus; instead this theorem is
proved in the algebra textbooks. Even if he reads the proof in Algebra, he will be
disappointed again to find out that that proof is not self-sufficient either as it requires some
concepts of Permutation & Combinations. Thus, the student is presented with a chain of
difficulties and hardly manages absorbing the chain in the little time available.

v=—/(t")=3t>” Now, the persistent youngster wonders how %(f) got equal to 3¢°. So,

Apart from The Binomial theorem, there are still more chains to deal with; such as— in

d .
the Simple Harmonic Motion, physics uses the formula— d—(smx)=cosx, proof of
X

which is based on advanced trigonometrical formulas. And these formulas are again based
on some Geometry. Assessing the vastness of these chains, no teacher volunteers to teach
Calculus eatly and all students prefer to be ignorant.

But I did not like the idea. I covered all the chains and found out an interesting discovery.
I noticed that to understand Physics covered by our syllabus, a student need some specific
ideas of Calculus. He does not have to go through all the pages of a Calculus textbook,
rather some definite proofs; even though as a beginner I had to explore all the pages. The
same thing is true for Trigonometry, The Binomial theorem and Permutations &
Combinations. Thus armed with this idea of shortening the chains considerably and also
being familiar with what a high school student has learnt so far, I decided to share my
experience in a form of a booklet.



In this book, I intend to present every inquiring mind the chains coiled in one place.
Although the book is named ‘Calculus’, nearly half of it deals with non-Calculus topics.
Lastly, I strongly guarantee that after going through this book, any high school student will
be adapted to understand physics.

EMROZ
June, 2007
Dhaka
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Calculus

.
PERMUTATIONS & COMBINATIONS

+ The collections (ignoring the serial of its components) which can be made by taking
the letters a, b, ¢, d two at a time are six in number, namely :
ab, ac, ad, bc, bd, cd

Each of the different collections above is called 2 combination.

The arrangements (minding the serial of its components) which can be made by taking
the letters @, b, ¢, d two at a time are twelve in number, namely :
ab, ac, ad, bc, bd, cd
ba, ca, da, cb, db, dc

Each of the different arrangements above is called a permutation.

From this, it appears that in forming combinations, we are only concerned with the
varieties of things each collection contains; whereas in forming permutations we also have to
consider the order of the things which make up each arrangement. For instance, if from a, b,
¢, d we make a collection of three letters, such as abc, this single combination admits of
being arranged in the following ways:

abe, ach, bca, bac, cab, cba
And so gives rise to six different permutations.

+ Here is an important principle which we proceed to explain below:

“If one operation can be performed in m ways and (when it has been performed in any one of
these ways) a second operation can then be performed in n ways; the number of ways of
performing the two operations jointly will be m X n.”

If the first operation is performed in any one of the m ways, we can associate with this
any of the n ways by which the second operation can be performed. And thus we shall have
n ways of performing the two operations jointly without considering more than one way of
petforming the first. And so, corresponding to each of the m ways of performing the first
operation, we shall have n more ways of performing the two. Hence altogether, the number
of ways in which the two operations can be performed is represented by the product m x n.

Example: There are 10 trains running between Dhaka to Chittagong. In how many ways can
a man go from Dhaka to Chittagong and return by a different train?

Solution: There are ten ways of making the first passage, and with each of these there is a
choice of nine ways of returning (since the man is not to come back by the same train);
hence, the number of ways of making the two journeys is 10 x 9 = 90.
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The principle may easily be extended to the case in which there are more than two
operations each of which can be performed in a given number of ways.

+ To find the number of permutations of n things taken 7 at a time:
This is the same thing as finding the number of ways in which we can fill up r places when
we have n different things at our disposal.

The first place may be filled up in 1 ways, for any one of the n things may be taken; when
it has been filled up in any one of these ways, the second place can then be filled up in n -1
ways; and since each way of filling up the first place can be associated with each way of
filling up the second, the number of ways in which the first two places can be filled up is
given by the product n (n -1). And when the first two places have been filled up in any way,
the third place can be filled up in n -2 ways. And reasoning as before the number of ways in
which three places can be filled up is n (n -1)( 1 -2).

Proceeding thus, and noticing that a new factor is introduced with each new place filled
up, and that at any stage the number of factors is the same as the number of places filled up,
we shall have the number of ways in which 7 places can be filled up equal to—

nmn-H(n-2)..... to r factors  or, (n-0)(n-1)(n-2)...... to r factors
And the r™ factor is n -(r-1) = n — r + 1. Therefore, the number of permutations of n things
taken 7 at a time is—
nm-1)(n-2)...... n—-r+1)
which is denoted by the symbol "P;.

Corollary: The number of permutations of n things taken all at a time is—

nmn-1)(n-2)...... to n factors  or, n@m-1)(n-2)...... 3.2.1
It is usual to denote this product by the symbol n! which is read ‘factorial n’.
sonPy =l

Example: In an English exam, a rearrangement of ten sentences is given. In how many ways
a student may answer it so that he fails to get full marks?

Solution: The ten sentences can be rearranged among themselves in 0Py = 10! ways. But

there is only one correct order of them; which leaves 10!~1 orders as incorrect sets of
answers.

+ To find the number of combinations of n things taken r at a time:
Let "C; denote the required number of combinations.
Then, each of these combinations consists of a collection of r things which can be
arranged among themselves in r1 ways. Hence "C, = rl is equal to the number of
permutations of n things taken 7 at a time; that is—

2
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nC, x pl = 0P,
=nn-1)(n-2)..... n—r+1)

. rlCr:n(n—l)(n—Z) ...... (n—r+1)

T )
n(n-1)(n-2)..(n—-r+1)x(n-r)!
7 ri(n—r)!

= m ..................... (11)

It is advisable to remember both the expression in (i) & (ii) for future use.

Corollary:
In making all the possible combinations of 7 things taken 7 at a time, to each group of r

things we select, there is left a corresponding group of n-r things; that is, the number of
combinations of n things 7 at a time is the same as the number of combinations of n things
n-r at a time—
. nCn_r = nCr
This can also be proved mathematically—
| | |
oC,. = n! _ n! _ n! o
(n—-rmn-(m-r)}! (m-r!n-n+r) @n-r)r

t

Example: In Bangladesh Cricket team, there are about 14 players. In how many ways a team

of 11 players can be formed for a match against Australia?

Solution: A team is a gathering of players, regardless of their order. Hence, the required
14.13.12

number of selecting players is— 14Cy1 = 14C3 = T =364
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N
THEOR EMS OF EXPANSIONS

+ To expand (a+ x)" whete n is a positive whole number:
It may be shown by actual multiplication that—
(x+a)x+b)(x+c)x+d)=x"+(a+b+c+d)x’ +(ab + ac+ ad + bc + bd + cd)x’
+ (abc + abd + acd + bed)x + abed

We may however write down this result by using a different approach: for the complete
product consists of the sum of a number of partial products each of which is formed by
multiplying together four letters, one being taken from each of the four factors. If we
examine the way in which the various partial products are formed, we see that—

1) The term x* is formed by taking the letter x out of each of the factors.

2) The terms involving x°are formed by taking the letter x out of any three factors, in
every way possible, and one of the letters a, b, ¢, d out of the remaining factor.

3) The terms involving x*are formed by taking the letter x out of any two factors, in
every way possible, and two of the letters a, b, ¢, d out of the remaining factors.

4) The terms involving x are formed by taking the letter x out of any one factors, in
every way possible, and three of the letters a, b, ¢, d out of the remaining factors.

5) The term independent of x is the product of all the letters a, b, c, d.

Applying similar approach we may write—
(x+a)x+b)(x+C)(x+k)=x"+Sx" +85,x" 7+ A S X"

—where the number of factors on the left is # and

Now, in S, the number of terms is n. In S, the number of terms is the same as the
number of ways of selecting any two letters out of the n letters— a, b, ¢, ..., k. In other
words, it is same as the number of combination of 7 things taken 2 at a time— that is, nC,.

Similarly, in S, the number of terms is "C3 and so on.
Now, suppose b, ¢, ..., k all equal to a. Then, S, becomes na or "C,a , S, becomes
"C,a’, S; becomes "C,q’ and so on until §, becomes a”. Thus we have—
(x+a)"'= x"+"Ciax""'+"C,a’x""
If we put x =1 & a = x, the expansion becomes—
(1+x)"=1+"Cx+"C,x* +.......... +'C X" + e +x

4
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The expansion stated above is known as the Binomial Theorem.

+ To expand a’in ascending powers of x:
By the Binomial Theorem we obtain—

nx 2 3 nx
(1+lj =1+"C, l+’”‘C2(1J +’”‘C3(lj e SR TTU +(lj
n n n n n

4o ) 1 ol Done=2) 1 =
n 2! n 3! n n™
nx (nx=1) nx (nx-1) (nx-2)
=1+ x+ NN B s i
2! 3! n™
S i S
X x——| xx——|x——
n n n 1 :
=1+ x+ + F e, F— s @)
2! 3! n™
By putting x =1, we obtain—
RO o) G 1
l+=| =1+ 1+—2 4> " B e e e (i)
n 2! 3! n"

But,

- ()

Hence, the series (i) is the x ™ power of the series (ii), that is—

1S I ) G| S

1+x+ + F o +
2! 3! n"
1Y, 2 )
o G 1
=141+ Y b +—
2! 3! n'
And this is true however great n may be. If therefore n is indefinitely increased we have—
x* X 1 1 '
I+ x+—+—+.. © = | I+l+—+—+....... o0
2 3! 2! 3
The series 1+1+—+—+.......... o is usually denoted by the symbol e; hence—

2! 3l
5
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2 3

+ X X
e = 1l4+x+—+—+. . 0
21 3!
If we write cx forx, then—
2.2 3.3
cC X
e“ =1+cex+ + 3 F o, 0

Now, let e°= a; so that ¢ = log.a = Ina.
2 2 3 3
x“(Ina) WX (Ina) N
2! 3!
This is the Exponential Theorem.

sa =l+xlna+

# To expand In(1+ x) in ascending powers of x:
By the Exponential Theorem we get—

*(Ina)’ *(Ina)’
y(Z! ) +y(3! ),
Writing 1+ x for a we get—
y*{In(1+ x)}? N > {In(1+x)}’ N

2! 3!
But, by the Binomial theorem we get—
Y= o =D =2) 5 yO-DO=2»-3) .

a’=1+ylna+

(1+x)" =1+ yIn(1+x)+

v — Y

(1+x) 1+ yx+ > Y a e +Xx

2_ 3_ 2 2 4_ 3 11 2_
:1+yx+y2'yx2+y 3; hl Y2 6y :' Y 6yx4+ ...... +x7

2 3 4.2 3 4 L3 2 4
:1+yx+%x2_y.%+%x3+y23x' +y 6y4'+11y x4—y6:' T +xy

2 3 4 2 3 2 4 3 2
:1+y[x—x— 2¢ b +.-~J+y—x2+y 3y e 6y +1ly Xt x?

2! 3! 4! 2! 3! 4!

................... (ii)

Now, (1) & (ii) are equal. So, the coefficients of y of the same degree in both the series
must be equal. Hence—

2 3 4
X 2x 6x

In(1+x) = x— E + 3 2 +oeen. [Coefficients of y of the first degree in the two series]
x’ 2x° 6x*
= Xx- + - +o
2x1 3x2x1 4x3x2x1
2 3 4
ln(1+x):x——+x——x—+ ...... ;
2 3 4

This is known as the Logarithmic Series.
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3
TRIGONOMETRY

+ In graphs we can locate any point by either of the following two methods:
1) By measuring distances from the two axis X and Y.
2) By measuring the distance from the Origin point and the angle with the X-axis.

Y Y
A P (ry) A P (6)
X,y 7,
/
r
o)
X < > X X < > X
O O
v v
Y Y
1) Rectangular Coordinate 2) Polar Coordinate
g

Now, let’s find out a relationship by which we may switch a coordinate from Polar to
Rectangular system.

Y
P
X
r
0
X < lo > X
Y/

Let P (7, 0) be a point. Then, according to the figure above, we get—
cosf =~ = x=rcosd & sinHZZ:y:rsinH
r r
Then, the rectangular coordinate of P will be (x,) = (rcos@,rsin ).

Corollary: If P is (1, 0) in the Polar system, then in the rectangular one it is (cosf, sinf).
7
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+ Let A, B & A-B be angles of any value. In graphs, let’s suppose—
ZXOP = A, ZXOQ =B and ZXOR = A-B.

JLY
P Q2

A-B

- "

s

Now, a circle of unit radius centering the Origin point intersects OP, OQ, OR & the X-
axis at the points P, Q, R & T respectively. Then, the polar coordinates of those points will

be (1, A), (1, B), (1, A-B) & (1,0). Transforming them into rectangular coordinates, we
obtain—

P (cosA, sinA), Q (cosB, sinB), R (cos(A-B), sin(A-B)) & T (1,0).
As, ZROT = A— B = ZPOT - £ZQOT = LPOQ
So, RT=PQ ...cocu...... 0
But we know, in graphs distance between the two points M (x,, y,) and N(x,,y,) is—
MN = \/(xl _x2)2 +( _y2)2
Then, from (i) we obtain—

\/{cos(A—B)—l}2 +{sin(4—B)-0}* = \/(cosA—(:osB)2 +(sin 4 —sin B)*

= c0s’(A4—B)—2cos(A—B)+1+sin’(A-B)

=cos’A -2cosA.cosB+cos’B  + sin’? 4—2sin A.sin B +sin’ B

= {cos’(4—B)+sin’(4—B)} +1—2cos(4— B)

= (cos® A+sin’ A)+(cos® B +sin” B) —2(cos A.cos B +sin A.sin B)
=1+1-2cos(4—B)=1+1-2(cos A.cos B +sin A.sin B)

2. cos(A—B)=cos A.cos B+5In A.SIN B ....ccocovvvvvvereerinnnn (i)
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Now, writing (=B) for B we get—
cos{A—(—B)} =cos A.cos(—B) + sin A.sin(—B)
5. coS(A+ B)=c0sA.cos B—SIN A.SIN B ..coovevvirvirerine (ii)

Again, squaring both sides of (i) we obtain—
cos’(A—B) =cos” A.cos” B+2cos A.cos B.sin A.sin B +sin” A.sin’ B
= 1—sin*(4—B) = (1-sin” A)cos’ B +2cos A.cos B.sin A.sin B+ (1—cos’ A)sin’ B
= 1-sin’(4-B)
=cos’ B—sin” 4.cos® B +2cos Acos Bsin Asin B +sin”> B —sin” B.cos” 4
= 1-sin’(4—-B)
= (cos’ B+sin’ B) —(sin”® 4.cos’ B —2sin A.cos B.sin B.cos A +sin” B.cos’ A)
= 1—sin’(4 — B) =1—(sin A.cos B —sin B.cos 4)’
s.sin(A—B)=sin A.cosB—sinB.cos A4 ...................... (iii)
Now, writing (—=B) for B we get—

sin{A4 —(—B)} =sin A.cos(—B) —sin(—B).cos 4
Sosin(A+B)=sinA.cosB+sinB.cosA ...................... (iv)

+ Subtracting (iii) from (iv) we get—
sin(A+ B)—sin(A—B)=2sinB.cosA........c..cccocevuinn. )

Subtracting (i) from (ii) we get—
cos(A+ B)—cos(A—B)=-2sinA.sinB ................... (vi)

Suppose, A+B=C & A-B=D
B

Then, A= c+D = g
2 2
So, (v) and (vi) becomes—
sinC —sin D = 2sin C_D.cosC+D ;
2 2
c+D . C-D

cosC —cosD =-2sin 5 .sin
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4
LIMITS

+ Consider the following function:
f(x)=x+2

Here, we may take any value of x as we please. For example, f(2) =4. But—

(x+2)(x—-2) _ x*—4

f(x)=x+2=

(x-2) x—2
22 -4 0
Now, 2) = =
ow f(2) SECIn

So, there is a little restriction upon x at the moment since for its value as 2 the function
becomes invalid. But, we have seen earlier that there really had been an actual value of
f(2). Therefore, Mathematics needs a new branch to deal with such problems. Hence,

arises the idea of Limits.

2
X -

For the previous function f(x) = , we can not put x =2 directly; but however, we

are not prohibited from taking values of x nearly 2:

£(1.9)=39 f.n =41

£(1.99)=3.99 f(2.01)=4.01
£(1.999) =3.999 £(2.001) =4.001
So, as we can see that the results are also nearly 4 —— the actual value of f(2). Moreover,
from the values above we can also see that—— the more nearly we take the value of x

towards 2, the more accurate the result occurs. In other words, if the value we take for x
differs from 2 by as little as possible (nearly 0), our achieved result will also differ from the
actual one by neatly 0. Let, / be the difference. Then—

_(2+h)?’ -4 _ 4+4h+h’ -4 h(4+h)
2+h)-2 h

f(2+h) =4+ h ;nearly 4.

Now, however small & may be, f(2)will not be exactly 4 until 4 gets exactly equal to
zero. We see above that putting 4 =0 in the first part, gives us an invalid valuea which is
neither zero nor infinity. But, putting 4 = 0 in the last part instead, does give us f(2) =4.

Therefore, a slight modification of the function as well as its domain has enabled us to
achieve a valid value (or historically called a limiting value). And the process of modification
is recognized as finding the limit of a function.

10
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The method of modification employed here is usable for any function; however complex
the function may be. As a result, such operations should be put into symbolic expressions:

In a function of x, namely {(x), if x approaches a value a (that is: x —> a), the function
switches to a result nearly R (that is: f(x) — R), then R is called the Limit of the given function
when x tends to a and this is written by——

lim f(x)=R
Then, according to our last example—
2
. -4
lim > =4
=2 x — 2

It should be noted that the concept of limit is the basis of Calculus. But, many students
find it as a weak idea since it talks about approximations and approaches. But it is not the
case. Limiting a function means to find a valid image for an assigned value of the variable;
whether the assigned value is in the domain of the function or not. It is as though breaking
the limit of the domain. Examples of approximations are given only to introduce limits
easily. They are illustrated only to show that values near the assigned value surround and
point towards the required valid image; even though the assigned value gives an invalid result
directly.

In practical use, while x = 0, our aim should be to try to take the given expression to a
position where we can insert the negligible value of x and with that calculate the required
answer. Moreover, in other cases, we may always introduce the difference indicating symbol
h (as shown before) and proceed in the same manner. The following examples illustrate the
procedure:

. e -1
Example: Find out llng ¢ .
X—> x

X

e —1

Solution: The question asks for the limit of when x tends to 0; that is, a value to

X

*
which £

will approach when x approaches 0.

Clearly, we can not put x " s value now. So, let’s try to remove x from the denominator.

2 3
X
I+ x+—+—F s, o |—1
et -1 ) 2 !
“lim—— = lim
x—0 X x—0 X
2 x3
X 7'+7' .................... (0 0]
- lim 2003
x—0 X

11
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a

X 2
=lim{ 1+ —+—+. . 00
x—0 2|
Now, in the expression above, we have no hesitation to put the given value of x.
2
. X X
hm[1+—+—+ ................. OOJ =1
x—0 ' 3
X
. e —1
lim =1
x—0 X
. . x"-a" . x"—a"
Example: Find out lim (That is: if x —> a, -7
x=>a x—q X—d

Solution: Let, x=a+h ..h=x-—a; hmay be positive or negative. Now,

vX—oa

S h—0

x"—a" (a+h)" —a" (a+h)" —a" a”(1+
Then, lim—— = lim—— = lim—— = lim
x=a X —q h—0 a+ h —a h—0 h h—0

Applying the Binomial Theorem we continue—

_ 2 _ _ 3
an{l-l-n.h-i-n(n 1)'h7+n(n 1)(1’1 2).£+

. o x"—a )
lim =lim

hJ" ]
-a
h

T SUEVE Y N

x—>a x—q h—0 h

{an +nan—lh+ n(nz'_l)an—ZhZ + n(n_l;(n_z)an—Sh3 +

=1lim

h—0 h

na F o
—1lim 2! 3
h—0 h
=1im{na”1 —i—Ma”’zh+Ma”’3h2 o }
h—0 2' 3'

-1 .. .
=na"" ;this is the required answer.

12
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+ Fundamental properties of Limits:
i lm{f(x)+@(x)} =lim f(x)+ lim@(x)
i lim{f(x) = ¢(x)} = lim f(x) — lim ¢(x)
iii.  Im{f(x)x@d(x)} =1lim f(x)xlim@(x)
iv. lim& =lim f(x) +limg@(x); [limg@(x) = 0]

x—a ¢( x)

4+ Consider the following figure:

Hetre, OA=0D, AC 1 OD, BD 1 OD and ZAOC = x radian = x“ =x

Now, the area of AOAC =~0C.AC=+.9€ A€ 0.2 _Lo42 cosxsinx
2 2 04 04 2
We know, the area of a circle is n” and the angle made to the centre is 2r. Then—

The area of the part of a circle making an angle 2r to the centre is nt’
". The area of the part of a circle making an angle 1 to the centre is nt’/2n

. The area of the part of a circle making an angle 6 to the centre is nt’0/2n = EI”ZH

1
*. The area of OAD = EOAZ.x

Again, the area of AOBD = Lopsp=Lop* B2 _Lop* tanx=Lo4* tanx
2 2 oD 2 2

Now, clearly from the figure—
The area of AOAC < The area of OAD < The area of AOBD

.'.lOAz.cosx.sinx < %OAZ.x < %OAZ.tanx

sin x

Scosx.siny < x <
COS X

13
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J.cosx <

sin x COS X

1

COS X

sin x

>

> cosx [Inverting the fractions]
X

Now, this inequality is true for any value of x. If x = 0, then CD — 0, in other words
OC — OD | thatis, OC — OA Hence—

b

lim

) . 04 . . oC
=limsecx= lim —=1 & limcosx= lim — =1
x=0 cosx X0 oc—o4 OC x>0 0C—04 A
So, if x = 0, we get from the previous inequality
) . sinx )
lim > lim > limcosx
x=0 COS X =0  x x—0
. sinx
1> lim >1;
=0  x
. . sinx
which means: lim =1.
x—0 X

14
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— 5
DIFFERENTIALS

# Let the next figure be a distance-time graph of a running vehicle. After a certain
time, ¢, let’s suppose that the vehicle’s displacement, s follows a definite function of

t, namely f().
I y=7x)

(x+ A, ¥ +4A¥)

Symbolizing ¢ in the X-axis and s in the Y-axis, we get a curve, ¥ = f(x). Then, let’s

determine the value of the vehicle’s instant velocity at any point in the graph; P (x,y), for
example.

Now, 2 can not be the required velocity, since it is the average velocity of the straight
X

line OP; which derails from our given function, y = f(x) a lot. So, we have to think of
another way. Let’s take a point, Q (x+Ax, y+Ay), right next to P. Jointing PQ, we again get a
straight line. Let’s suppose it makes an angle, 0 with the X-axis.

Now, if we keep dragging QQ closer to P; that is, make Ax & Ay nearly zero; in other
words, make the line PQ) nearly a tangent on the curve, then P & Q will be so close that we
can consider the values of velocity lying between them nearly constant. Hence, the average
value of velocity of that little part of the whole curve will approximate to the instant value at
the point P.

.. The required instant value at P = The average velocity of PQ = %; but still it is not
exactly the instant velocity unless Ax & Ay are exactly equal to zero. But again we see that
putting Ax & Ay equal to zero gives us % :% ; which is invalid. Therefore, to achieve a
valid value for the velocity we recall to use limits.

. The required instant value = lim Ly tand

Ax—0
Ay—0 Ax

15
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But, since y is a function of x, we get Ay — 0 automatically when Ax — 0. So,
Ay

abbreviating the above expression we get limE. Abbreviating more, we write d_y and
Ax—0 X

read ‘ddx of y'.

M) _ o SO A) = f()
- :

o d .
o af()(:) B Al)lrr—g) Ax—0 Ax

Denoting Ax by h, we get—

%f()(f): %lll,)%f(x+h2_f(x)

d
Here, ™ f(x) is called the differential co-efficient or derivative of the function
X

f(x)and since it is a function, it may also be denoted by f'(x). Now, f'(m) indicates the
rate of change of the function f(x) at the point (m, f(m)) in graph. To say more clearly—

v If m belongs to the domain, the curve of the function f{x) must go over the point
(m, f(m)) in graph.

v From the point (m, f(m)), the curve will face a change since it may rise upward
(positive change) or fall downward (negative change) or remain horizontal (null
change).

V' 1If there is a change, there must be a rate of change by which we may assume the
amount of change or the amount of bending the curve.

v" In our previous discussion, the instant velocity at any point will be 0, if the vehicle’s
displacement vs. time curve flows horizontally; will be increased if the curve runs
above straight enough. So, instant velocity indicates the rate of change of the curve.
But, we can know the instant velocity by a derivative. So, we can also know the rate
of change.

v" So, a derivative f'(x) is a function which indicates the rate of change of f{x). So,

f'(m) is a value which is the rate of change of f{x) at the point (m, f(m)).

+ Derivatives of some useful functions are deduced below——
» 1If, f(x)=c, where cis a constant; then—

JEAD =) i €€ _jim 2 g
h -0 h h—0

d )
&/ =lim
.dc_

so—=0.
dx

16
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> Ly lim & =X
dx

h—0 h

x”(1+hj —-x"
X
h

=lim
h—0

_ 2 _ _ 3
w1 n =) B n=Dn=2) B Ly
x 2! x? 3! x°

=lim
h—0 h

' X
~lim 3!
h—0 h

x4 n(n—1) N n(n—l)'(n—2) YR 4

=1lim
h—0 h
= lim{nx""1 +Mx”_2h +Mx"_3h2 F oo, }
h—0 2! 3!
=nx""
s—(x")=nx"!
dx( )
d 1 1-1 0
Corollaty: —=—x =1lx~ =x =1
x dx
d . m(x+h) _ _mx
F e
mx mh
St Gl
h—0 h

= lim
h—0 h
mx m2h2 m3h3
= lim mh + t—F e,
h=0  h 2! 3!
2h m3h2
= lim(me””‘ + " €™ o )
h—0 3!
= me™

17
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d mx mx
So— (e =me
rn (e™)

d
Corollary: If, m =1, then the above equation stands: d—(e") =e"
x

lim In(x+4)—Inx
h—0 h

(x + h]

In|

) X

= lim———=
h—0 h

= limlln(l + ﬁj
h—0 h X

1 1 h* 1R
[ﬁ - —.h—2 + —.h— — e j [From the Logarithmic series]

d
> —(lnx)=
dx( )

d 1
So—(nx)=—
dx (Inx) X

> d (sin ax) = lim sina(x + h) —sinax
dx h—0 h

sin(ax + ah) — sin ax

= lim
h—0 h
. ax+ah—ax ax + ah + ax s .
2sin .COS ssinC —sinD
1 2
=lim _
h—0 h =2$inc D.cosC;D

. ah ( ah)
sin—.cos| ax +—
) 2 2
= lim

) h

2

18
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> 4 (cosax) =1lim
d_x h—0

. 2 . ah
=1lim x limacos| ax+— |=1xacosax =acosax
ah -0 ah h—>0 2

2 2

d .
.. —(sinax) = acosax
dx

d .
Corollary: If a =1, then the above equation stands: d—(sm X) =Cosx

X

cosa(x+h)—cosax

h
~ lim cos(ax + ah) — cosax
h—0 h
. ax+ah+ax . ax+ah—ax
—2sin .sin
= lim 2
h—0 h
‘> cosC —cosD =-2sin C+D .sin c-D
2 2
. ah . ah
—sin| ax +— |.sin—
= lim 2 2
B h—0 h
2
) ( ahj . ah
—asin| ax+— |.sin—
= lim 2 2
50 ah
2
. ah
sin—
. 2 . . ah\| _ . _ .
= lim X hm{— a sm(ax + 7)} = Ix(—asinax) = —asinax

h—0 a h—0

d .
.. —(cosax) = —asin ax

. d .
Corollary: If a =1, then the above equation stands: d—(COS X)=-sinx
X

19

|



EMROZ’S

Calculus

> d (tan x) = lim tan(x + h) —tan x
dx h—0 h
sin(x+h) sinx

~ lim cos(x+h) cosx
h—0 h
sin(x + h).cos x —sin x.cos(x + /)

= lim

h—>0 hcos(x + h).cos x
= lim sin(x +h — x) [+ sin(4 — B) = sin A.cos B —sin B.cos 4]

h=>0 hcos(x + h).cos x

. sinh . 1

= lim x lim

=0 h h—0 cos(x + h).cos x
= 1x ;

COS X.COS X

= sec’ x

i(tan x) =sec’ x
dx

+ Let u and v both be functions of x. If y =u v, then y is another function of x.
Now, if x undergoes a change Ax, then there will be corresponding changes in y, u & v;
namely Ay, Au & Av. Hence, from y =u tv, we get—

y+AY=u+Au)t(v+AV) = u+AutviAv =(utv)+(AuxAv) =y +(Aut Av)

LAy =AutAv
Ay M v
A A Ax

lim Y — tim 2%+ i 2
Ax—0 AX Ax—0 Ax Ax—0 AX

v _du dv
Cdx  dx dx
.'.i(uiv):@iﬂ
dx dx dx

This formula may easily be extended to the case where there are more than two functions.

+ Let u and v both be functions of x. If y =uv, then y is another function of x. Now,

if x undergoes a change Ax, then there will be corresponding changes in y, u & v; namely Ay,
Au & Av. Hence, from y =uv, we get—
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Y+AY = u+Au)(v+Av) = uv +ulv+vAu + (Au)(Av) = y + uAv + vAu + (Au)(Av)

S Ay =uAv +vAu + (Au)(Av)

Ay _uAv N vAu N (Au)(Av)

A Ax o Ax Ax

- lim Ly = lim ulv + lim vAu + lim (Au)(Av)
Ax—0 Ay A0 Ax A0 Ax Ax—0 Ax
Ay . Av . Au
slim = =uxlim— + vxlim— +

. . Av
lim Au x lim —
Ax—0 Ax Ax—0 Ax A—0 Ax Ax—0 Ax—0 Ax

But, if Ax — 0,then Au — 0. Therefore, gn}) Au=0.

m Y cuxtim 2 4 e im 2™+ 0x lim 2

Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0 Ax
dy dv  du
= u—+Vv—
dx dx dx
dv du
) =u—+v—
dx dx dx

This formula may also be extended to the case where there are more than two functions.

Corollary: If, a is a constant and u is a function of x, then—

di(au) = a% +u o [Since, a can be considered as a function; such as, f(x) =0.x+a.]
X X X
=a—+ux0 = a@
X dx
d du
So—(au)=a—
dx (au) d.
1 Qs
Example: Find out i(#J
dx X

dx 8 dx

o d (x” —9y° +3x] d
SOhlthI’l: | =
X dx

d d d
Po0x7 +3x )= — () ——(OOx ) +—(3x7’
(7 =9x 7 4+ 3x )= — () =~ Ox )+ —-(3x)
=3x? = 9(-3)x "~ +3(-7)x""

=37 +27x 7 - 21x 7,
——this is the required derivative.
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4 Let, y be a function of z (for example: y = Jz ) and z be a function of x (for
example: z = x+35). Now, if x undergoes a change Ax, then there will be a corresponding
change Az, in the function z. Hence, for the same reason, there will also be a corresponding

change Ay, in the function y (as y can be written as y =4/ x+5 ). Now by normal algebra we

may write—

b &y A
Ax Az Ax
lim Y - 1im(ﬂxf) —1im &Y 1im 22
AanAx Ax—0 AZ A.X Ax»OAZ AanAx

Since, z is a function of x, therefore, if Ax — 0, then, Az - 0. So——
2 1im Y = im Y fim &2
A—0 Ax  Az-0 Az A—0 Ax
_dy dy y dz
Cdx dzoodx

This formula (known as the Chain rule) may also be extended to the case where there are

more than two functions.

+ Let, »y be a function of x. Then, if x undergoes a change Ax, then there will be a

corresponding change Ay, in the function y. Now, by normal algebra we may write—

Ay _ 1
Ac A
Ay
e Ny 1]
o i = i =
— lim —
Ay Ax%OAy

Since, y is a function of x, therefore, if Ax — 0, then, Ay — 0. So—

lim — =
Ax—0 Ax
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Example: Find out di(sin2 3x).
X

Solution: 4 (sin’3x) = 4 {(sin3x)*} = ,L {(sin3x)*} x (sin3x) x 4 (3x)
dx dx d(sin 3x) d(3x) dx
= 2sin3xxcos3xx3.1
= 6sin3x.cos3x
. d .
Example: Find out d—(sm X).
X
Solution: Let, @ =sin™" x. Then, siné = x. Now,
i(sin“x)=ﬁ— 1 1 1 1 B 1 1
dx dx o d gy 080 i-sin’0  \1-(sin0)’  1-x’

dg do

% According to our last example, we could determine instant velocities from a
displacement vs. time graph by deducing a derivative of the function f(x), namely % f(x)
or f'(x). Furthermore, if we are asked to determine the instant accelerations, we may draw
a velocity vs. time graph by following y = % f(x). Then, taking velocity as displacement,

d|d
we can again deduce another derivative, namely d_{d_ f (x)} ot /"(x), which will indicate
x (dx

the rate of change of velocities; that is instant accelerations; just like o f(x)indicated the
X

d|d
rate of change of displacements; that is instant velocities, before. Here, d_{d_ f (x)} may
x Ldx

2
be written as el f(x) symbolizing the second derivative of the function f(x). In
X

n

f(x)as the n” detivative of f(x).

extension, we may introduce

dxﬂ
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66—
INTEGRALS

+ In mathematics, for any operator there is always an inverse one, such as log & anti-

log’, ‘sin & sin 7, ¢? &\/_ > etc. As a result, there is also an inverse operation of
Differentiation, known as Integration. Symbolically, if di f(x)=f"(x), then—
x

f(x)= J‘ f'(x)dx. Here, dx stands for ‘integration with respect to x’. Let ¢ be a constant.

d d dc ’ 1

LA =—f()+—= () +0=f"(x)
dx dx dx
s f(x)+e= j F'(x)dx

So, we see that, J-3x2dx can be x’or x> +5 or x° —2. For this, it is wise to write——
I3x2dx =x’+c

However, we shall omit ¢ in future to avoid unnecessary complication.
& Let, F(x)= j £ (x)dx & F,(x)= j £,(x)dx , then—
d d d
LR EF () =—F(x)*—Fx) = fi(x) f,(x)
dx dx dx

Hence, according to the definition of integration, we obtain—

[/ (ke = F(x) £ F,(x) = [ fi(x)dx + [ £, (x)dx

So, generally—
j{ﬂ(x)ifz(x)ir.....irfn(x)}dx :jfl(x)dx + jfz(x)dx +o jfn(x)dx

& Let, F(x)= j F(x)dx, hence diF(x) = f(x). If a is any constant, then——
X

L {aF (0} = F() = af ()
Iaf(x)dx =aF(x)= a_[f(x)dx

jaf(x)dx = a'[ f(x)dx
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4+ Integrations of some useful functions are deduced below:

» To determine J-x”dx: (n#-1)

n+l
We know: dfx = I ,i(xnﬂ) - (n+Dx" = x
dx\n+1 n+1 dx n+1
n+l
J.x"dx _*
n+l1

1

Corollaty: Idx = Il.dx = Ixo.dx = xT =X

» 'To determine jldx: Since, i(ln X) = l; hence, J‘ldx =Inx
X dx X X

> 'To determine J-lnx dx:

Since, i(x Inx —x)
dx
:i(xlnx)—@ = {xi(lnx)+lnx.ﬁ}—l = (x.l+lnx.lj—l =l+lnx—-1=Inx
dx dx dx dx X

Ilnx dx= xlnx—x

> To determine Isin ax dx:

Since,
i(—lcos ax) = —l.i(cos ax) = —l. (cosax) x i(ax) = —l(—sin ax).a.l =sin ax
dx a a dx a d(ax) dx a
J.sin ax dx = — lcos ax
a

Corollaty: Putting a =1, the above equation stands: Isinx dx = —cosx

» To determine ICOS ax dx:

Since,

i(lsin ax) = l.i(sinax) = l (sinax)xi(ax) = l.cosaxx a.l=cosax
a dx dx

dx a

1.
Icosax dx = —sinax
a

Corollary: Putting a@ =1, the above equation stands: Jcosx dx = sinx
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» 'To determine Iemxdx : Since, i(iem) = i.i(e’”") = l.memx =e™
dx\ m m dx m
J.e”“dx =—e™

Corollary: Putting m =1, the above equation stands: jex dx = e

& In Calculus, it is sometimes necessary to add another operation with integration.
More cleatly, after deducing j f(x)dx = F(x), we may often require the value F(a)— F(D);

symbolically that is, [F'(x)]; , also written as (in a form with the detivative), I f(x)dx. Here,
b

a & b both are constant, known as the upper & the lower limit respectively.

Moreover, ji f(x)dx is called to be a definite integral since it has limits; whereas integrals of
b
the kind J‘ f(x)dx , with which we dealt before, is called to be the indefinite ones.
Again, let J. f(x)dx = F(x)+c, then—
.Tf(x)dxz[F(x)+c]Z ={F(a)+c}—{F(b)+c}=F(a)-F();
b

which means definite integral does not depend on ¢ and therefore, needs not to introduce it.

Example: Find out cos’ @ de.

St N

IZ'

3
cos’ @ db= Icos 0.cosd do = j(l—sm f)cosd db

oSty

Solution:
0
Let, y=sin@. 'Then, L2 = i(sm 0) = cos@; which means—
" dl  dé
& =cosf
that is, lim & =cosfd
A0 A @
of, lim Ay + lim A@=cosé
AG—0 AG—0
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Since, y is a function of 8; hence, if A@ — 0, then Ay — 0
- lim Ay =cos 8. lim A8
Ay—0 AO—0
So, we may write—

dy =cos@ db

Now, when 6 = %, then y=1 and  when € =0, then y=0. Hence—

z
2

The required value = I(l —sin’ @)cosO db

0

1 1 1 3! 3 3

P’ 0 1 2
—(a=yHady=[1dy - [v*ay =y =| 2| =@-0)—| —-Z|=1-2= =,
!(y)ylygyy [y]oLO( ) 3 3 3" 3

4 To determine an area in a graph surrounded by a curve of a function y = f(x), the
X-axis and the x =a & x = b straight lines.

K4
a - DJ__;"’
¥ =1l

25 o B L W ﬂ':{

-
i
In the above figure, let CD be a curve of the function y = f(x); AD & BC be straight lines
of the equations x =a & x = b respectively. So, we have to determine the area of ABCD.
Now, let’s take a point P (m,y) on the curve, very close to another one Q (m+Ax, y+Ay).
Again in the graph, let PM L OX, ON 1L OX, PR 1L ON and OS 1 MP.
S PM =y, ON=y+Ay, ,OM =m and ON =m+ Ax
S.MN =0ON—-0OM =(m+Ax)—m = Ax
Now, let 4 be the area of BMPC. From the graph we see that, 4 is dependent on the
position of the point M; that is, the length of OM; in other words, the value of m. Therefore,
A is a function of m which can be defined as below:
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A =@(x)is said to be the area surrounded by BC, the curve y = f(x), the X-axis and
the straight line x = x.
Hence, A =¢(m) indicates the area surrounded by BC, the curve y = f(x), the X-axis

and the straight line x = m (that is, MP).
. @(m) = The area of BMPC

Similatly, putting m + Ax, aand b in the place of m, we obtain respectively——
@(m + Ax) = The area of BNOQC
@#(a) = The area of ABCD

#(b) = 0.

Now, The area of PMNQ = The area of BNQC — The area of BMPC
= ¢(m + Ax) — p(m)
= A¢(m) [Since, AF(x)and F(x+ Ax)— F(x) are the same.]
= A4 [Since, ¢(m) = A]

Again, The area of PMNR = y.Ax
And  The area of SMNQ = (y + Ay).Ax
From the figure it is clear that—

The area of PMNR < The area of PMNQ < The area of SMNQ
LA < AA < (y+AY).Ax

AA
sy < E < (y+4Ay)

Slimy < fim-— < im(y+Ay)

Since, y is a function of x, hence, if Ax = 0, then Ay — 0.

Solim oy < limﬁ < Alimo(y+Ay)
\y—>

Ay—0 Ax—0 Ax
Ty < aa < y;
o dx -
A
Which means: daa =y
dx
SdA=ydx.

Integrating the above equation between the limits a & b, we get—

jidA:j‘y dx
b b
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But, j dA=[A]"  [Since, jdx =x]
b
= [¢(m)]; = @(a)—@(b) = The area of ABCD — 0 = The required area

.. The required area = J- ydx = .[ f(x) dx
b b

Example: Find out the area surrounded by the parabola y* = 9x and the straight line x = 4.

Solution:
i'd
F 9
ooy B
/ a ‘g’
]
X4 € yx
-
Y.f

Since, ¥ =9x; hence, y =+/9x = 3Jx
.. The required area = 2 x The area of AOC

4
:2Iydx
0

=2 }3\/; dx
0

4 1
:2.3.[x2 dx
0
4
3
X2
:6 _
3
2 1o
3 4
:6xg[x2}
3
0
303 3
=4><[42—02J =4x42 =4x+4’ =4x.64 =4x8 =32



EMROZ’S

Calculus

+ In the previous article, let’s divide therein AB in n parts, each being Ax in length.

¥
F
F = 1)
R""-\-._
P
X
&
}:’r“ D ;l;'; &
-y
'11::"."

Now, if the number of parts; that is n, is very great; in other words, Ax — 0, then the values
of y lying between x; & X;+Ax can be regarded as constant. Let y, be the value of f(x;).
Similarly, let y, be the constant value of y lying between the microscopic area fenced by

xi+Ax & x;+2Ax and so on...... to y, between X, & x, — Ax . Now—

The area of AMQOP = y,.Ax
The area of MCSR = y, Ax

The area of NBGH =y, .Ax
Adding all this together, we obtain—

The area of (AMOP+MCSR+.....+NBGH) = y, Ax + y, Ax+.....+ y, Ax = >y, Ax

- lim [The area of (AMQP+MCSR+.....+NBGH)] = lim > y,.Ax

Ax—0 Ax—0 ;

But, A1)%m0 [The area of (AMQOP+MCSR+......+NBGH)]

= The area of (AMRP+MCTR+......+NBJH)
= The area of ABJP
= The area surrounded by the curve y = f(x), the X-axis and the lines x=x, & x=1x,.

:)][y dx

) x X
Aligl();yle = jy dx = jf(x) dx
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+ Let’s find out the area of a circle, radius of which is 7.

At first, let the circle be divided in 7 rings, each having the same center as the original
circle. Now, if we consider one of these rings having a radius x and a thickness Ax, we see

that if it is cut and straightened like a string, its area A4, can be regarded as that of a
rectangle as long as the thickness, Ax is nearly zero. If it is not exactly zero, then we will not

see an exact rectangle at all. Therefore using the idea of limits—
A4, = lim y Ax

Ax—> 0

—where y, is the circumference of the ring which equals to 27 .

Now, we shall calculate the total area of the circle, 4 by adding up all the areas of the
component rings which have their radii ranging from 0 to 7.

A=Y A4, =;ggyiM=gg;yiM=£ydx

i=1

r r 277" 2 2
= j27zxdx = 27[_[ xdx = 27{%} = 27{1’_ - O—j =’
0 0
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Considering a ring of radius x and negligible thickness dlx, its negligible area would be—
dA = 2mxdx
Now, integrating the above equation between x =0 & x =r, we get—

jdA = jZ;zxa’x
0

”

= A= [2mdx = ————- =’
0
This method is much easier to handle than the previous one and it eventually does not
alter the result a bit.

+ Let’s find out the volume of a sphere, radius of which is R.

cx; —

The sphere can be chopped down into numerous discs. Let’s consider such a disc which
is at a distance x from the center of the sphere and has a radius 7 as well as a negligible
thickness dx. Then the figure shows us that—

2 22
r-=R"—x

Again, the disc may be thought of a cylinder having 7 and dx as its radius and height.
Then, its volume—

dV =m’dx = m(R> —x*)dx
Now, integrating the above equation between x =0 & x = R gives us the volume of a
hemi-sphere—

IdV:Tﬂ(RZ —x%)dx
R0 R

sV = jﬂdex—jmzdx
0 0

R R
= ﬂszdx—ﬁJ.xzdx
0 0
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R

o [x
-45]
wo-A20)

3 3
=R’ —— 7R’
2
== R’
3
2 o34 s
.. Total volume of the complete sphere =2x—7R" = EER
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